In this paper we study the numerical method for a time-fractional Black-Scholes equation, which is used for option pricing. The solution of the fractional-order differential equation may be singular near certain domain boundaries, which leads to numerical difficulty. In order to capture the singular phenomena, a numerical method based on an adaptive moving mesh is developed. A finite difference method is used to discretize the time-fractional Black-Scholes equation and error analysis for the discretization scheme is derived. Then, an adaptive moving mesh based on an a priori error analysis is established by equidistributing monitor function. Numerical experiments support these theoretical results.
Introduction
In this paper we consider the following time-fractional Black-Scholes (B-S) equation:
V (0, τ ) = 0, τ ∈ [0, T), (1.3) where V is the value of a European call option with strike price E and expiry date T, x is the asset price,r is the risk-free interest rate,σ is the volatility of the underlying asset,
is the right modified Riemann-Liouville derivative defined as
There are a few analytical and numerical methods for the valuation of the time-fractional B-S equations. The analytical methods for the time-fractional B-S equations are usually based on integral transform methods [5, 12, 26] , homotopy analysis methods [17] , or wavelet based hybrid methods [11] , etc. But the solutions obtained by analytical methods usually take the form of a convolution of some special functions or an infinite series with an integral, which makes them hard to calculate. Therefore, efficient numerical methods become essential. Zhang et al. [27] and Staelen and Hendy [7] developed implicit finite difference methods for pricing the barrier options under the Wyss' time-fractional B-S equation. Golbabai and Nikan [8] also proposed a numerical approach based on the moving least-squares method to approximate the Wyss' time-fractional B-S equation for pricing the barrier options. Chen [4] As discussed in [24] , the exact solutions of the time-fractional B-S equations may exhibit singularity. Based on a priori information of the exact solution, Cen et al. [2] presented an integral discretization scheme on a priori graded mesh for the Wyss time-fractional B-S equation. When the coefficients of the time-fractional B-S equation are related to time τ , a priori information of the exact solution is difficult to obtain. In this paper, an adaptive moving mesh method is developed in order to deal with the possible singularity effectively for the time-fractional B-S equation. A finite difference method is used to discretize the time-fractional Black-Scholes equation and error analysis for the discrete scheme is derived. Then, an adaptive moving mesh based on a priori error analysis is established by equidistribution of a positive monitor function which involves the second-order time derivative of the computed solution. Numerical experiments are provided to validate the theoretical results.
The remainder of the paper is organized as follows. Some theoretical results on the continuous time-fractional B-S equation are described in Sect. 2. The discretization scheme is derived in Sect. 3. An adaptive algorithm is established in Sect. 4. Finally, numerical experiments are presented in Sect. 5.
Notation. Throughout the paper, C will denote a generic positive constant that is independent of the mesh. Note that C is not necessarily the same at each occurrence. To simplify the notation we set g j i = g(x i , t j ) for any function g on the domain of definition. We use the (pointwise) maximum norm on the domain of definition Ω by · Ω .
The continuous problem
By using the change of variables t = Tτ , u(x, t) = V (x, Tt) and the relationship between the Riemann-Liouville derivative and the Caputo derivative, it is shown in [2, 4] that the model can be reformulated into
where σ (t) =σ (Tt), r(t) =r(Tt), and ∂ α u ∂t α is the Caputo derivative defined as
The infinite domain R + × (0, T] is truncated into Ω = (0, X) × (0, T] for numerical calculation. The boundary conditions X = 4E and u(X, t) = X -Ee -rt are chosen for the European call option based on Wilmott et al. 's estimate [25] . Normally, the error caused by this truncation can be neglected. Therefore, in the remaining of this paper we will consider the following time-fractional differential equation:
The following result for the differential operator L can be obtained as
By applying this maximum principle the following stability result can be obtained as Theorem 4 of [21] .
Lemma 2.2 (Stability result)
The exact solution u(x, t) of problem (2.4)-(2.6) satisfies the following stability estimate:
Referring to [1, 2, 10, 18, 22, 24] it can be further seen that the time derivatives of the exact solution may blow up at t = 0, which complicates the construction of the discretization scheme.
Discretization scheme
Let
An approximation to the time-fractional derivative on Ω K can be obtained by the quadrature formula,
Since the Black-Scholes differential operator becomes a convection-dominated when the volatility or the asset price is small, a piecewise uniform mesh Ω N is constructed as that in [3] for the spatial discretization to ensure the stability:
.
Then the mesh sizes
On the piecewise uniform mesh Ω N we apply a central difference scheme to approximate the spatial derivatives. Hence, combining the time discretization scheme with spatial discretization scheme we can derive the fully discretized scheme on Ω N×K ≡ Ω N × Ω K as follows:
and
Next we show that the matrix associated with the discrete operator L N,K is an M-matrix. Hence the scheme is maximum-norm stable. 
By simple calculation we have
where ξ k ∈ (t k-1 , t k ). Hence, it is easy to see that the matrix associated with L N,K is a strictly diagonally dominant L-matrix, which means that it is an M-matrix. By applying the same argument as that in [14, Lemma 3.1], it is straightforward to obtain the result of our lemma.
The next lemma gives us a useful formula for the truncation error. .6). Then we have the following truncation error estimates:
where C is a positive constant independent of the mesh.
Proof It follows from (3.3) and (3.6) that
For k < j we use an integration by parts as that in [24] to obtain
where we have used the mean value theorem with γ 1 , γ 2 , γ 3 ∈ (t k-1 , t k ). Hence, applying a Taylor formula with the integral form of the remainder we can obtain
for k < j. Similarly, we have
where we also have used the mean value theorem with γ 4 , γ 5 ∈ (t j-1 , t j ). By applying Taylor's formulas about x i we also have
Combining (3.7) with (3.8)-(3.11) we have
From this we complete the proof.
Based on the properties of the European option [2, 3, 25] we assume that the solution u satisfies the following regularities:
Then applying the maximum principle and the truncation error estimates we have the following bound. 
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Adaptive time meshes via equidistribution
Since the solution u(x, t) of the problem exhibits singularity at t = 0, one has to use adapted nonuniform time meshes which are fine inside the singular region and coarse in the outer region. To obtain such a mesh, we use the idea of equidistribution principle which has been applied to a wide range of practical problems (see, e.g. [6, 9, 16, 19, 20] ). A mesh Ω K is said to be equidistributed, if
(s) ds, j = 1, 2, . . . , K, (4.1) The numerical results on an adaptive moving mesh for Example 5.1 are tabulated in Table 1. In order to aid the reader's understanding of the mesh computed by the algorithm when solving Example 5.1, Fig. 1 , which should be read from bottom to top, shows the time mesh after each iteration. Figure 2 represents the final computed time mesh for Example 5.1 with α = 0.2, which shows that the mesh points are concentrated near t = 0. The double mesh principle is used to estimate the errors and compute the experiment convergence rates. SetŪ N,K (x, t) be a linear interpolation of the approximated solution {U j i } with spatial discretization parameter N and time discretization parameter K and U N,K (x i , t j ) be the value of the functionŪ N,K (x, t) at mesh point (x i , t j ). Then the maximum errors for Example 5.2 are listed in Table 2 . The generation of adapted moving meshes after each iteration for the time discretization is depicted in Fig. 3 . The final computed time mesh for the time-fractional Black-Scholes equation with α = 0.2 is depicted in Fig. 4 , which also shows that the mesh points are concentrated near t = 0. The computed option value U is depicted in Fig. 5 , which shows that the numerical solution by our method is nonoscillatory. Tables 1 and 2 show that the computed solution converges to the exact solution on an adaptive moving mesh with first order accuracy and the numerical results do not depend strongly on the value of α, which supports the convergence estimate of Theorem 3.3. From these results we confirm that our method with an adaptive moving mesh is more accurate than the method on the uniform mesh.
